Abstract -We consider a generalization of recently proposed non-Hermitian model for resonant cavities coupled by a chiral mirror by taking into account number non-conservation and nonlinear interactions. We analyze non-Hermitian quantum dynamics of populations and entanglement of the cavity modes. We find that an interplay of initial coherence and non-Hermitian coupling lead to a counterintuitive population transfer. While an initially coherent cavity mode is depleted, the other empty cavity can be populated more or less than the initially filled one. Moreover, presence of nonlinearity yields population collapse and revival as well as bipartite entanglement of the cavity modes. In addition to coupled cavities, we illustrate these effects also in a heuristic model we propose for a resonant soliton-plasmon system with soliton amplitude dependent asymmetric interaction. Degree of asymmetry, nonlinearity and coherence are examined to control plasmon excitations and soliton-plasmon entanglement.
Introduction. -Recently, an intriguing quantum optical model for resonant cavities coupled by a chiral mirror has been proposed [1] . The chiral mirror is a planar metamaterial array of asymmetric split rings, through which transmission of circularly polarized electromagnetic waves becomes different in the opposite direction without violating Lorentz reciprocity principle [2] . The transmission matrix of such a mirror is a two dimensional nonHermitian matrix. The proposed quantum optical system is then described by a non-Hermitian Hamiltonian. More recently, it is shown that hybridized metamaterials can simulate effectively spontaneous symmetry breaking in PT-symmetric non-Hermitian quantum systems [3] . Non-Hermitian interactions are also reported for solitonplasmon systems [4, 5] . Presence of soliton makes the interaction strongly nonlinear and hence we ask the questions what are the effects of nonlinearity in non-Hermitian dynamics of populations and quantum entanglement of the modes; and if there are more subtle effects of nonHermitian interaction in the quantum dynamics of population transfer and entanglement.
The non-Hermitian quantum model for resonant cavities coupled by a chiral mirror uses a number conserving approach to determine the quantum dynamics [1] . In the present letter, we use a more general approach [6] [7] [8] which allows for violation of number conservation due to the nonHermitian nature of the system. We determine the population dynamics of the resonator modes when one resonator is in a coherent state and the other is empty. Strong excitations of an initially empty resonator mode is found to be possible by a weakly populated coherent one depending on the asymmetry of their coupling. We characterize bipartite quantum entanglement of the resonators by using von Neumann entropy [9] and as expected initially unentagled state remains factorized with zero entropy. This is typical as one cannot create entanglement by mixing coherent states [10, 11] . We then consider a generalized model where one resonator is nonlinear and coupled to another linear resonator. The coupling depends on the amplitude of the nonlinear mode. In this case, entanglement between the modes emerge.
Non-Hermitian dynamics and Entanglement. -Before investigating the mean-field dynamics and the entanglement between coupled field modes in two experimentally feasible quantum models which are represented by non-Hermitian Hamiltonians, we give a brief introduc-tion to the non-Hermitian dynamics and the entanglement measure.
The general formulation for the time evolution of quantum systems under non-Hermitian Hamiltonians can be found in [6] [7] [8] . A non-Hermitian Hamiltonian operator can be partitioned into Hermitian and anti-Hermitian parts:
where
, and A † denotes the Hermitian conjugate of A. The non-Hermitian Schrödinger equation can be written as (h = 1):
Introducing the density matrix ρ(t) = |Ψ(t) Ψ(t)| leads to the von Neumann type master equation in the following form [6] :
where [. . .] and {. . .} stand for commutator and anticommutator, respectively. Here we assure that Eq. (3) also holds for mixed states [6] . Since the dynamics governed by (2) is not unitary, the trace of the density operator may not be conserved. Therefore, we introduce a normalized density operator,
then the time evolution of the quantum averages of the observables can be calculated through the formula
Entangled states are essential resource for many applications of quantum information and computation protocols. It would be very desirable to study the possibility of detecting entanglement between the coupled modes [9] . In our study, we consider an initial pure product state of the field modes and have carefully checked that the purity of the considered initial state is conserved during the dynamics (3). However, this does not imply that all pure initial states remain pure under the non-Hermitian dynamics [6] . The entanglement between coupled modes in a pure state can be quantified by the von Neumann entropy
where ρ ′ i = T r j ρ ′ is the reduced density matrix of the mode i obtained by taking a partial trace over the remaining mode j. It is zero for separable states and reaches the maximum value of log 2 N for a N dimensional Hilbert space. Non-zero values of the entropy indicate that the modes are in an entangled state.
Resonant cavities coupled by a chiral mirror. -We first reconsider the non-Hermitian quantum model that describes the behavior of a cavity mode in two resonant cavities coupled through a 2-D chiral mirror [1] . The mode in each cavity can be described by independent quantum oscillators. The Hamiltonian of the system in the weak coupling scenario can be written as
is the free Hamiltonian of the oscillators having the transition frequencies ω 0 , and
is the interaction Hamiltonian which describes a nonreciprocal coupling between the oscillators if g AB = g BA .
Here a and b are the lowering operators of the bosonic cavity field modes A and B, respectively, which obey the
The analytical non-Hermitian dynamics of the mean excitation number in cavity A and B for the considered model have been investigated in Ref. [1] by solving the standard Heisenberg equation of motion in an ad hoc manner. The exchange of a photon from one cavity to the another through the 2-D chiral mirror has been found. Also, this formalism has been found to preserve the total excitation number, since the total number operator a † a + b † b commutes with the Hamiltonian (7). On the other hand, the standard Heisenberg equation is based on the Hamiltonian being Hermitian, so it is not expected to capture more general and subtle features of non-Hermitian dynamics. Therefore, our aim in this section is to reexamine the mean-field dynamics by using the formalism described above.
We first derive the Heisenberg equation for the nonHermitian Hamiltonian, and show that the expectation value of the total number operator may not be constant. The time evolution of the expectation value of an observable through the normalized state can be written as:
. By using Eq. (2), the generalized Heisenberg equation for the expectation value of an operator can be written as [7] :
It is simple to show that the expectation value of the total excitation number evolves as: which can be different than zero if g AB = g BA . Strictly, the time evolution in Eq. (11) depends on the initial state, as well.
In Fig. 1 , we have plotted the time evolution of the mean excitation number in cavity A, a † a t , in cavity B, b † b t , and the total excitation number, a † a + b † b t , by numerically solving Eq. (3) for ρ(t) and by employing Eq. (5), for an initial state where the mode A in the coherent state and the mode B in its vacuum, |Ψ(0) = |α A |0 B , for the parameters g AB = g.r, g BA = g, r = 1 (Hermitian case) and r = 0.5, 2 (non-Hermitian case). For the Hermitian case ( Fig. 1(a) ), the total excitation number is conserved in the system and a single photon can be exchanged through the mirror, as found in Ref. [1] . For the non-Hermitian dynamics, the total excitation number is not conserved. The non-conservation is an interplay of coherence and non-Hermitian interaction. We numerically verified that an initial Fock state preserves the total excitation number and leads to similar behavior as in Fig. 1(a) . If g AB < g BA , the creation rate of initially empty mode B by initially coherent mode A is smaller than its destruction, then mode B is weakly excited. Even if the mode A completely depleted, its population can only be partially transferred to mode B as can be seen in Fig. 1(b) . In this case non-Hermiticity and initial coherence act as a decoherence and population loss channel. On the other hand, if g AB > g BA , an amplification of the total excitation is found as in Fig. 1(c) . In this case, weak amplitude Fock number states in the coherent state of mode A can contribute to excitation of the mode B due to asymmetric interaction in favor of mode B. As a result mode B can be excited with higher amplitudes then the exciting field.
We have also analyzed whether or not the modes become entangled in the processes shown in Fig. 1 via the von Neumann entropy (6) and by using the reduced density matrices of the modes A and B. Our results demonstrate that the entanglement entropy is always zero and hence the states of the modes remain factorized. This is expected as a beam splitter type bilinear mixing interaction cannot be used to create entanglement out of initial coherent states [10, 11] . If at least one of the cavities contains a local nonlinearity (for example of Kerr type ua d aga d agaa), then the cavity modes is found to be entangled. Furtermore the population oscillations exhibit collapse and revival dynamics. These effects are due to non-Hermitian and nonlinear interactions and in principle could be realized not only in coupled cavities but in other systems as well. We propose such a system below to illustrate these effects.
Non-linear soliton-plasmon interaction. -The second non-Hermitian model that we propose in the present study describes a non-linear quantum interaction between optical soliton photons in a Kerr medium and surface plasmons in a metal through a dielectric layer [4, 5] . One particular advantage of this model is that the nonlinear coupling can be larger and and more tunable than the local nonlinearity. The Hamiltonian of the system can be written as
where a (a † ) and b (b † ) are the field operators for the soliton photons and for the surface plasmons, respectively, and u is the Kerr interaction strength. Here g BA √ n A with n A = a † a is the nonlinear operator-type interaction strength and describes the weak soliton amplitude. Without such a nonlinear interaction, the model describes linear and nonlinear cavities coupled through a chiral mirror. One should note that the soliton-plasmon Hamiltonian is always non-Hermitian, even in the case g AB = g BA .
The time dependence of the average soliton photons and surface plasmons number have been plotted in Fig. 2 for the initial state |Ψ(0) = |α A |0 B , where |α is the coherent state, u = −0.01ω 0 , g AB = g.r, g BA = g, g = 0.1ω 0 and r = 0.5, 1, 2. Here we have introduced a small Kerr nonlinearity, so that the system remains almost in soliplasmon resonance. Due to the nature of initial coherent state and the nonlinear interactions, the dynamics of the average excitation numbers exhibit collapse and revival phenomena. Nonlinearity in either local (u) or non-local (g BA ) interaction is sufficient for the collapse-revival effect; though local nonlinearity per se yields longer time for collapse and revivals.
The total excitation number in none of the cases is conserved due to the non-Hermitian dynamics. For the cases r = 1 ( Fig. 2(a) ) and r = 0.5 ( Fig. 2(b) ), the total excitation oscillates below the initial value. For the case r = 2 ( Fig. 2(c) ), the total excitation number exceeds its initial value. There is no complete population transfer in soliton photons and surface plasmons, except the r = 2 case, where time average value of the mean number of plasmon excitations is larger than the time average of the soliton population. In other words, a weak coherent soliton excites strong plasmon, populated more than the initial soliton mode. This happens when g AB > g BA or when transfer rate from soliton to plasmon is greater than the one from plasmon to soliton and the soliton is in coherent state initially. In the coherent state, weak amplitude Fock states with large photon numbers find chance to contribute to plasmon excitation due to the higher unbalanced transfer rate from soliton to plasmon mode. If we consider initially Fock state for the soliton mode this effect disappears and the number conservation cannot be violated. These conclusions are consistent with the case of coupled cavities by a chiral mirror. In Fig. 3 , we have investigated the dynamics of entanglement between coupled modes by means of entropy, S(ρ A ), for the same parameters and initial state in Fig. 2 . The initial separable soliton photons and surface plasmons become entangled in time. They never become separable in the considered time domain. Contrary to the previous discussed non-Hermitian model (7), the non-linearities in Eq. (12) are found to lead to the bipartite entanglement of the modes. The entropy increases in the collapse region of the populations and takes its largest values around the collapse time. The largest entropy value is found for the case of strong plasmon excitation (r = 2). The maximum entanglement corresponds to maximum entropy S max = log 2 M for a Hilbert space dimension of M . We take M = 10 for each soliton and plasmon Fock space. We conclude that the generated bipartite entanglement is not maximal. As in the case of collapse-revival effect, though any source of nonlinearity suffices for entanglement, local nonlinearity per se would yield longer time to generate largest entanglement.
Conclusions. -We considered effects of local nonlinearity and amplitude dependent, asymmetric interactions on the non-Hermitian quantum dynamics and entanglement of a two resonator system. Specifically we re-examined recently proposed chiral mirror coupled tworesonator system from the point of view of a number nonconserving approach. In addition we proposed another heuristic model which could be realized in coupled solitonplasmon systems. We find that, as a result of the interplay between the asymmetry of the non-Hermitian coupling and initial coherence of cavity fields, a counter-intuitive population transfer can occur between the resonators. The population of an initially empty resonator can exceed that of the initially available population in the other resonator. Moreover, the excitations can exhibit collapse and revival dynamics in the presence of nonlinearity. Collapse and revival times as well as the average populations depend on the asymmetry of the non-Hermitian interaction. Finally we investigated the bipartite entanglement between the modes of the resonators using von Neumann entropy. We found that while nonlinearity induces entanglement, its dynamics and amount can be controlled by the asymmetry of the non-Hermitian interaction. * * * 
